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1. Introduction
It has recently been proved by Avinoam Mann that if p is an odd prime, G a ﬁnite p-group and
pk the maximal order of an exponent p subgroup of G , then the index of Gp in G is bounded by
pk(log2 k+2) (see [9]). In many cases this bound is not the best possible. For example, if k p − 2, G is
a regular p-group and, in particular, |G : Gp | = |Ω1(G)| = pk , which is slightly smaller than the bound
given by Mann. In this text we present an improvement of the bound given by Mann.
In order to do this, we organize the text in three parts. In the ﬁrst section we study Dk-maximal
p-groups. These groups are a generalization of the so-called d-maximal p-groups (a group G is
d-maximal if the minimal number of generators of any proper subgroup of G is smaller than the min-
imal number of generators of G). The second section is devoted to the study of the relations between
p-powers and elements of order p in PF-groups. In the last section of this text we prove the main
result of this paper, namely that if G is a ﬁnite p-group, p is and odd prime, and pk is the maximal
order of an exponent p subgroup of G , then the index of Gp in G is bounded by pklogp−1(k+1) .
Notation and basic deﬁnitions. We use standard notation in group theory. Commutators are written
using left notation and we write [N,k M] to denote the commutator [N,M, . . . ,M] with M appearing
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series, Gp
i
the subgroups generated by the pi-powers of G and Ωi(G) the subgroups generated by
elements of order smaller or equal to pi .
We ﬁnally introduce the concept of verbal subgroup as follows. Given a set of words V =
{w1(x1, . . . , xk1 ), . . . ,ws(x1, . . . , xks )} we deﬁne the verbal subgroup V(G) of a given group G asV(G) := 〈wi(x1, . . . , xki ) | 1 i  s; x1, . . . , xki ∈ G〉.
2. V-maximal groups
Let V be a verbal subgroup and G be a ﬁnite p-group. We say that G is V-maximal if for all
subgroups H of G , |H : V(H)| < |G : V(G)|. If V is the Frattini subgroup (i.e. V = {xp[y, z]}), then the
V-maximal p-groups are, precisely, the d-maximal p-groups. One of the most remarkable facts about
d-maximal p-groups for p  3 is that their nilpotency class is bounded by 2 (see appendix of [6]). In
this section we prove analogous results for the verbal subgroup Dk(G) = Gpγk(G) for 2 k  p − 1,
where Dk = {xp[y1, . . . , yk]}. We start with some easy properties of Dk-maximal p-groups.
Lemma 2.1. Let p be an odd prime, 2 k p − 1 and G a Dk-maximal p-group. Then:
1. if N is a normal subgroup contained in Dk(G), then G/N is also Dk-maximal,
2. Gp  γk(G).
Proof. 1. This is clear.
2. Put H = G/γk(G). Then H is also a Dk-maximal p-group. Moreover, H is a regular p-group.
Therefore Ω1(H) = {x ∈ H | xp = 1} is a subgroup and |Ω1(H)| = |H : Hp | = |H : Dk(H)| (see [4]). Since
Dk(Ω1(H)) = 1 and by the Dk-maximality of H , Ω1(H) = H and Hp = 1. Hence Gp  γk(G). 
We now present some power-commutator calculus that will be needed in Section 4 and to prove
the main theorem of this section.
Lemma 2.2. Let G be a ﬁnite p-group and N and M normal subgroups of G. Then
1. [N,Mpk ] [N,M]p[N,pk M],
2. [N,Mp] ≡ [N,M]p (mod [N,p M]),
3. Ω1(G)p  γp(G).
Proof. This lemma follows from the Hall–Petrescu collection formula for commutators. Indeed, if G is
a ﬁnite p-group and x, y ∈ G , then
[
x, yp
k ]≡ [x, y]pk (mod γ2(H)pkγp(H)pk−1 · · ·γpk (H)
)
,
where H = 〈y, yx〉 = 〈y, [x, y]〉 (see [5, Chapter 3, Theorem 9.4]).
1. If x ∈ N and y ∈ M , then γl(H) [N,l M] for all l 1.
2. We argue by induction on the order of N . By Hall–Petrescu collection formula, [N,M]p ≡
[N,Mp] (mod [M,N,M]p[N,p M]) and the claim holds by applying induction hypothesis on
[[M,N],M].
3. Since G/γp(G) is a regular p-group, then Ω1(G/γp(G))p = 1. In particular Ω1(G)p  γp(G). 
Theorem 2.3. Let p be an odd prime, 2 k p − 1 and G a Dk-maximal p-group. Then γk+1(G) = 1.
Proof. Let G be a minimal counterexample. Then γk+2(G) = 1 and γk+1(G) ∼= Cp . Consider
N1 :=
{
x ∈ G ∣∣ [x, γk(G)
]= 1} and
N2 :=
{
x ∈ γk(G)
∣∣ [x,G] = 1}.
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Subproof. By Lemma 4.9 of [7] we have that
[
γk(N1),G
]
 [G,k N1]
[
γk(G),N1
]= 1,
and by part 2 of Lemma 2.2, [Np1 ,G] ≡ [N1,Gp] (mod γp+1(G)). But γp+1(G) = 1. Therefore, by
Lemma 2.1, [Np1 ,G] [N1,Gp] [N1, γk(G)] = 1.
Subclaim 2: |G : N1| = |γk(G) : N2|.
Subproof. Consider 〈,〉 : G/N1 × γk(G)/N2 → γk+1(G) ∼= Fp given by 〈xN1, yN2〉 = [x, y]. It is clear that
〈,〉 is a well-deﬁned non-degenerate bilinear form. Therefore |G : N1| = |γk(G) : N2|.
Proof of the theorem. Let us see that G is not Dk-maximal: on one hand, since γk+1(G) = 1, N1 < G . On
the other hand, by the ﬁrst subclaim, Dk(N1) N2 and by the second subclaim |N1 : N2| = |G : Dk(G)|.
Therefore |N1 : Dk(N1)| |G : Dk(G)|. 
The next corollary generalizes the following result of Laffey: In a ﬁnite p-group with p odd, the
index of the Frattini subgroup is bounded by the maximal order of a subgroup of exponent p and
nilpotency class 2 (see [8, Corollary 1]).
Corollary 2.4. Let G be a ﬁnite p-group, p odd and 2 k p−1. Then there exists a subgroup H of exponent p
and nilpotency class smaller than k + 1 such that |H| |G : Dk(G)|.
Proof. Arguing by induction on the order of G we can suppose that G is Dk-maximal. In particular
γk+1(G) = 1 and G is a regular p-group. Therefore |G : γk(G)Gp | |G : Gp | = |Ω1(G)| and Ω1(G) has
exponent p and nilpotency smaller than k + 1. 
3. P -powers and elements of order p in PF-groups
PF-groups where introduced in [2] in order to study the structure of omega subgroups in pro-p
groups. Let G be a ﬁnite p-group, we say that {Ni}ki=1 is a potent ﬁltration of G if Nk = 1, Ni  Ni+1,
[Ni,G] Ni+1 and [Ni,p−1 G] Npi+1. In this case we say that N1 is PF-embedded in G . If N1 = G , we
say that G is a PF-group.
A potent ﬁltration is strict if there exists   1 such that for all 1  i  k − , Ni+ = Npi . It was
proved in [3, Lemma 3.2] that a potent ﬁltration can always be chosen to be strict.
Proposition 3.1. Let G be a p-group and {Ni}ki=1 a potent ﬁltration. Then
1. for all 1 i  k, Np
j
i = {xp
j | x ∈ Ni},
2. if x ∈ Ni and y ∈ G, then (xy)p ≡ xp yp (mod Npi+1).
Proof. See Theorem 3.4 and Proposition 3.3 of [2]. 
Let us continue with a technical lemma.
Lemma 3.2. Let G be a p-group and {Ni}ki=1 a potent ﬁltration. Then, if x ∈ Ni and xp ∈ Npi+1 , there exists
y ∈ Ni such that yp = 1 and xNi+1 = yNi+1 .
Proof. By assumption xp ∈ Npj with j  i+1. We argue by inverse induction on j. For j big enough it
holds that xp = 1 and the result is clear. For the general case, by Proposition 3.1, xp = zp with z ∈ N j
and (xz−1)p ∈ Npj+1. Moreover, xNi+1 = xz−1Ni+1 and we can apply the induction hypothesis with
xz−1. 
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Proof. Consider {Ni}ki=1 a strict potent ﬁltration of G and let  be a positive integer such that
Ni+ = Npi for 1  i  k − . We deﬁne the Fp-module L(G) :=
⊕k
i=1 Ni/Ni+1. For x ∈ Ni , we put
t.xNi+1 = xpNi++1 and we extend it to L(G) by linearity.
We write L(A) :=⊕ki=1(A∩Ni)Ni+1/Ni+1 for a subgroup A of G . By Lemma 3.2, Ann t = L(Ω1(G)).
Therefore
∣∣G : Gp∣∣= ∣∣L(G) : t.L(G)∣∣= |Ann t| = ∣∣L(Ω1(G)
)∣∣= ∣∣Ω1(G)
∣∣. 
4. Bounding the index of the agemo
We now introduce some new deﬁnitions before presenting our main result. Let G be a ﬁnite p-
group. The dimension subgroups of G are deﬁned as follows:
Di(G) :=
∏
psli
γl(G)
ps .
The following lemma gives some properties of dimension subgroups that will be used in the course
of this section.
Lemma 4.1. Let G be a ﬁnite p-group and N a normal subgroup of G. Then
1. [Di(G), D j(G)] Di+ j(G),
2. Di(G)p  Dip(G),
3. Di(D j(G)) Dij(G),
4. [N,r Di(G)] [N,G]p[N,ri G].
Proof. A proof of 1 and 2 can be found in [1, Chapter 11]. Property 3 follows from 1 and 2. In
order to prove the fourth property it is enough to prove that [N, Di(G)] [N,G]p[N,i G]. By part 1 of
Lemma 2.2, [N, γl(G)ps ] [N,G]p[N,ps γl(G)] and the claim now follows from [7, Lemma 4.9]. 
Proposition 4.2. Let G be a ﬁnite p-group and pk the maximal order of a subgroup of G of exponent p and
nilpotency class smaller than p. Put s =  k+1p−1  and H = Ds(G). Then for all normal subgroups N of G con-
tained in H the following hold:
1. [N,p−1 H] [N,G]p and N is PF-embedded in H (in particular N is a PF-group),
2. [N,G]p  [Np,G],
3. γp(Ω1(N)) = Ω1(N)p = 1.
Proof. We prove 1, 2 and 3 by induction on the order of N .
1. Since [N,G] < N and by induction hypothesis, Ω1([N,G]) is a subgroup of exponent p and
nilpotency class smaller than p, in particular |Ω1([N,G])| pk . By induction hypothesis we also have
that [N,G] is PF-embedded and Ω1([N,G])p = 1. Therefore, by Proposition 3.3,
∣∣[N,G] : [N,G]p∣∣= ∣∣Ω1
([N,G])∣∣ pk,
in particular, since G is a ﬁnite p-groups and, therefore, nilpotent, one has
[[N,G],k G
]
 [N,G]p . (1)
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[N,p−1 H] [N,s(p−1) G][N,G]p  [N,k+1 G][N,G]p
= [[N,G],k G
][N,G]p . (2)
Therefore, combining (1) and (2), we conclude that [N,p−1 H] [N,G]p .
By induction hypothesis we also have that [[N,i G],p−1 H] [N,i+1 G]p . Hence
N  [N,G] [N,G,G] · · ·
is a potent ﬁltration of H starting at N and N is PF-embedded in H .
2. By part 1 of Lemma 2.2, [N,G]p  [Np,G][G,p N] and by induction hypothesis [G,p N] =
[[N,G],p−1 N] [N,G,G]p  [[N,G]p,G] [Np,G].
3. By induction hypothesis we can suppose that N = Ω1(N). Then, by part 3 of Lemma 2.2, Np =
Ω1(N)p  γp(N) [N,G]p  [Np,G]. Therefore Ω1(N)p = γp(Ω1(N)) = 1. 
We now present our main result.
Theorem 4.3. Let G be a ﬁnite p-group, p an odd prime and pk the maximal order of a subgroup of G of
exponent p and nilpotency class smaller than p. Then |G : Gp | pklogp−1(k+1) .
Proof. Put H = D k+1p−1 (G). We ﬁrst prove that the index of H in G is bounded by p
klogp−1 k+1p−1  .
Consider the sequence of dimension subgroups
D1(G) Dp−1(G) D(p−1)2(G) · · · D(p−1)r (G),
where r = logp−1 k+1p−1 . In particular
D(p−1)r (G) H . (3)
By Corollary 2.4, one also has that for i = 0, . . . , r − 1,
∣∣D(p−1)i (G) : D(p−1)i+1(G)
∣∣ pk. (4)
Hence, by (3) and (4),
|G : H| ∣∣G : D(p−1)r (G)
∣∣ pklogp−1
k+1
p−1 . (5)
By Proposition 4.2 we have that H is a PF-group and Ω1(H) = {x ∈ H | xp = 1}. Therefore, by
Proposition 3.3,
∣∣H : Hp∣∣= ∣∣Ω1(H)
∣∣ pk. (6)
Combining (5) and (6) we conclude that
∣∣G : Gp∣∣ ∣∣G : Hp∣∣= |G : H|∣∣H : Hp∣∣ pklogp−1 k+1p−1 pk
= pk(logp−1 k+1p−1 +1) = pklogp−1(k+1). 
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Proposition 4.4. Let G be a ﬁnite p-group and pk the maximal order of a subgroup of G of exponent p and
nilpotency class smaller than p. Put s =  k+1p−1  and H = Ds(G). Then for all normal subgroups N of G con-
tained in H, Ωi(N)p
i = 1 and |N : Npi | = |Ωi(N)|.
Proof. By part 3 of Lemma 2.2, Ωi(N)p  Ωi−1(N)γp(Ωi(N)) and, by Proposition 4.2, γp(Ωi(N)) 
[Ωi(N),G]p  [Ωi(N)p,G]. Therefore Ωi(N)p  Ωi−1(N) and an induction argument gives us that
Ωi(N) = {x ∈ N | xpi = 1}.
Arguing by induction on i we claim that for all i, |N : Npi | = |Ωi(N)|. The case i = 1 follows from
Proposition 3.3. Suppose the claim true for i and let us check it for i + 1. By induction hypothesis
∣∣Npi+1
∣∣= ∣∣(Np)pi ∣∣= ∣∣Np : Ωi
(
Np
)∣∣.
But Ωi(Np) = Ωi(N) ∩ Np and by the second isomorphism theorem of groups
Np/
(
Ωi(N) ∩ Np
)∼= NpΩi(N)/Ωi(N) =
(
N/Ωi(N)
)p
.
Hence |Npi+1 | = |(N/Ωi(N))p |. Applying again Proposition 3.3 to the group N/Ωi(N) we obtain
that
∣∣(N/Ωi(N)
)p∣∣= ∣∣N/Ωi(N) : Ω1
(
N/Ωi(N)
)∣∣
= ∣∣N/Ωi(N) : Ωi+1(N)/Ωi(N)
∣∣= ∣∣N : Ωi+1(N)
∣∣,
and we are done. 
Corollary 4.5. Let G be a ﬁnite p-group, p an odd prime and pk the maximal order of a subgroup of G
of exponent p and nilpotency class smaller than p. Put j = logp−1 k+1p−1 . Then Gp
i+ j ⊆ {gpi | g ∈ G} and
|G : Gpi | pkj |Ωi(G)|.
Proof. Take H as in the previous theorem. Then Gp
i+ j  (Gp j )pi  Hpi . Since H is a PF-group and by
Proposition 3.1, Hp
i = {xpi | x ∈ H} ⊆ {xpi | x ∈ G}.
By Proposition 4.4 and Theorem 4.3, we conclude that
∣∣G : Gpi ∣∣ ∣∣G : Hpi ∣∣= |G : H|∣∣H : Hpi ∣∣= |G : H|∣∣Ωi(H)
∣∣ pkj
∣∣Ωi(G)
∣∣. 
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